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Finite Volume Algorithm to Compute Dense
Compressible Gas-Solid Flows

Laure Combe* and Jean-Marc Hérard®
Electricité de France, 78400 Chatou, France

A finite volume scheme is presented that allows the performance of numerical simulations of a four-equation
compressible two-fluid model on unstructured meshes. The convective part of the whole set of governingequationsis
a nonconservative conditionally hyperbolic system. To solve the latter, a fractional step method is presented, which
is based on a splitting of convective fluxes. Approximate Roe-type Riemann solvers are used to compute numerical
convective fluxes. Some computations of shock-tube test cases are presented and compared with numerical results
of a three-equation model, which assumes equal velocities within each phase. A steady computation of a gas-solid
flow in a simple nozzle is described, and an unsteady computation of a dense fluidized bed is also presented.
Particular emphasis is given to the preservation of the maximum principle for the volumetric fraction.

I. Introduction

HE recent increase in computational facilities has favored the

developmentof new physical models as well as new numerical
techniquesto predict gas-solid two-phase flows, using the two-fluid
approach. Clearly the range of industrial applications is wide. It is
well known that accurate computations require developing suitable
algorithms. Some approximate Riemann solvers have been recently
proposedto cope with two-fluid computationsof compressibleflows
within the frame of dilute regimes.! "> Among the proposed solvers
some try to inherit the stability of Roe’s approximate Riemann
solver, using a so-called weak formulation of the latter scheme.
Others are based on Godunov’s scheme for gasdynamics. In the
present contribution, a way to extend these methods to the frame
of dense situations, where both the volumetric fraction of the solid
phase and the relative velocities may become great, is proposed.

In many industrial situations, the motion of a compressible gas-
solid mixture in thermal equilibrium may be described by a four-
equation model*®7 including mass conservation of both phases
and momentum equations for both the gas and the solid phase (see
Refs. 8 and 9 for a two-fluid approach with help of a six-equation
model). Despite its apparent simplicity, this continuous model in-
trinsically contains many difficulties. First, the convective subset
has no conservative form; second, the latter convective subset is
not an unconditional hyperbolic system; eventually, many different
timescales are involved in this system. The algorithm to be detailed
aims at overcoming the mentioned troubles.

The set of partial differential equations is presented in the next
section. In Sec. III, an entropy characterizationis exhibited, and hy-
perbolicity criteria associated with the nonconservative convective
subset are given. The entropy inequality is useful to check the suit-
ability of computationalresults. As with most currently known two-
fluid models, the overall solution of the one-dimensional Riemann
problem associated with the whole convective system cannot be
solved for arbitrary initial data. Consequently, no exact or even
approximate Riemann solver may be exhibited to solve the latter
system. The finite volume algorithm, which is presented in the fol-
lowing section, takes advantage of the fractional step method to
preserve the maximum principle for the volumetric fraction. Both
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the solution of one-dimensionalRiemann problems involved within
each step and associated approximate Riemann solvers are detailed.
The analysis of a nonconservative Riemann problem requires ap-
plication of recent theoretical results >-'°~'? Some numerical results
obtained on unstructured meshes are presented that confirm the ro-
bustness of the whole algorithm. Emphasis is given to test cases
involving very high values of the volumetric fraction, which occur,
e.g., when dense fluidized beds are computed, or when one attempts
to simulate impinging jets highly loaded with particles.

II. Equations Set

Subscripts for the gas phase and the particle phase are 1 and 2,
respectively. The volumetric fraction of solid particlesis o,, and its
counterpartfor the gas phaseis &) = 1 — a, where o, is assumed to
lie in [0, 1]. The positive density of the gas is p;, and the constant
density of particlesis p,; only heavy particles are considered herein
and, thus, added mass effects are neglected. U’ is the velocity within
phase i, and I, is the interfacial momentum transfer term, which
accounts for drag effects only. The governing equations are

@p),+V-(upU)=0 (1

(), + V- (U?) =0 )
(OllplUl)J-f-V'(Ol“OlUl ®U1)

= —aIVPl(pl)—f—al,olg—f—Il—V-(alvilsc:) 3)

(Olz,OzUz)J + V. (O[zszz ® Uz)

= —aaVP () + o208 = VE(@) — 1, =V - (az

where P;(p;) is the mean pressure within the gas phase

Pl(lol):Kply 5)
and E («2) is the intergranular pressure
s
E(n) = 202(q3) 5 g(e2) (6)

and where g is a monotone increasing function of the volumetric
fraction

2(1 + e
g(az) = 1 + ( ) 2imma\x
(1 axfam)
4o (1 + ¢,) a \'~ Bam
Xexp | et TC) (4 X 7)
[(15/2)amax — 3] ogmax
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In Eq. (7), ™ is the maximum compactness rate and e, the elas-
ticity coefficient. In practice, we will set «™* =0.64 and e. = 1.
The equation of state (7) results from integration of the particle en-
ergy governing equation, assuming a vacuum of gas and focusing
on regular solutions (see Appendix 1 in Ref. 13, which is based
on recent contribution®=!4), As pointed out by the authors of
Refs. 13 and 15 and briefly recalled subsequently, the asymptotic
behavior in the vicinity of o™ is crucial to ensure that the max-
imum principle for the volumetric fraction is preserved. Viscous
contributions take the following form:

D= {V(U‘) PV -3V <U‘>1} (8)

1

2= —m{vwﬁ +VI(U?) - %v : <U2>1} (8b)

2
Drag effects are accounted for through
Iy = Koo, (U = U") ©)

The positive drag coefficient K is in agreement with forms detailed
in Refs. 7 and 8 and, thus, is not recalled herein; this means that
for dilute regimes, the single-sphere drag formula is used and that
Ergun’s relation is considered for dense regions.

III. Some Basic Results

When viscous effects are neglected, discontinuous solutions may
develop; an entropy inequality is, thus, essential to select physical
solutions. For that purpose, we introduce the conservative variable

W' = (a1p1, a0, 010U} a1 01U o pa U anprU) - (10)
and a scalar function
1 irri
1W) =S| D wpU'U' ) +arHa(e) +arpHi(o) (1)
i=1,2
with
a3 Hy (o) = B(e) (122)
prH{(p1) = Pi(p1) (12b)
and the following flux:
1 . ) )
p == o; P; 1001 o;
£ (W) 2( Z { ||Uz||zUz}) + P )( Z { Uz})
i=1.2 i=1.2
+ {ar Hy () + E(@2)}U? + 101 Hy (p1)U! (13)

Using these definitions and focusing on adequatelyregular solutions
of Egs. (1-4), we getaresultthatis close to the one givenin previous
work.'®

Proposition1: We assume that W represents a regular solution
of the set (1-4). Then, there exists a flux fn“ (W, VW) such that

W+ V[ W]+ V- [fL (W, VW)] = S,(W, VW)
with S, (W, VW) <0. The source term is

visc (VUI + V[Ul)

Sy (W, VW) = U = Uy) - I + ey T ————

visc (VUZ + V! Uz)

Hereinafter, [¢] is the jump of ¢ through some discontinuity travel-
ing at speed o, whatever ¢ stands for. Thus, in the pure nonviscous
limit case, the latter provides

—oln W)+ [f*(W)] <0 (14)

The latterentropyinequalitycannotbe rewrittenin a simple way, as it
can within the framework of gasdynamics, for instance.” However,

it actually enables the control of the suitability of the computed
solutions as outlinedin some cases describedin Ref. 15 thatinvolve
four shock waves or in the computational examples to be detailed
subsequently.

Another point, which is well known now, is that the convective
system involved in system (1-4), which has no conservative form,
represents a conditionally hyperbolic system. Hence, two distinct
celerities are defined to examine the hyperbolicity domain:

dE
¢t = (o) [%’:ﬁ] (15)
2 dPi(p1)
= ) (16)

We introduce the relative velocity U” = U? — U, and thus, we may
rewrite the convective system as

W, +AW,+AW,=0 a7

Straightforward analytic expressions of the eigenvalues of the ma-
trix (n, A, +n,A,) cannot be derived. This obviously implies that
the Riemann problem cannotbe investigatedwhen consideringarbi-
trary initial data. Expansions (of eigenvalues) in terms of the relative
velocity U” (or the volumetric fraction «;) may be performed, as
pointed out previously by other authors'3-%; thus, for small enough
values of the parameter |[U”||/c; (or «,), approximate Riemann
solvers may be constructed to compute flows in which the normal-
ized relative velocity (or «;) remains uniformly bounded. These
assumptions are not considered herein. Thus, the suitability of com-
putational results will be checked using sufficient conditions to en-
sure hyperbolicity:

1> 21U"[I/ey (18)
1> 4(c§/cf + 0[2,01/0[1,02) (19)
(L= MU [e)) (o1 pa63 faapric; + 1) > 1 (20)

Conditions (18-20) are not realizability conditions, as occurs, for
example, when investigatingsingle-phaseturbulentflows.'® We also
emphasize that adequately regular (at least C!) solutions of the set
(1-4) only fulfill

0<a (21a)

0<aip (21b)

IV. Finite Volume Algorithm to Compute
the Four-Equation Model

The following finite volume scheme allows computing time-
dependentflows on unstructuredmeshes. The primal mesh is gener-
ated using a regular triangulationof the computational domain. The
cell-vertex finite volume mesh is then based on P1 nodes. Viscous
terms on the right-hand sides of Eqs. (3) and (4) are accounted for
using a standard P1 finite element Galerkin formulation.

A. Fractional Step Technique

We first detail the implementation of convective terms. Because
we cannot obtain an approximate Riemann solver to get a sta-
ble scheme in a straightforward manner (using Roe’s linearized
Riemann solver, for instance), we apply a fractional step technique
to compute the convective subset. This approach has been exten-
sively investigated before within the Euler framework,'*-% using
Roe’s Riemann solver to compute each step, and has proven to give
a similar rate of convergence when computing basic Riemann prob-
lems including shock waves and rarefaction waves. Hence, we first
solve

(a1p1), =0 (22)
(@), + V- (U%) =0 (23)

(OllplUl)‘['f_v'(OllplUl®U1):O (24)
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(aszUZ)_[ + V(20U @ U*) + VE(a2) =0 (25)

and then solve

(1p),+ V- (;pU") =0 (26)

(@), =0 27
(1 U"), +aVPi(p) =0 (28)
(20:U%) , + @2V Pi(p1) = 0 (29)

The system of Egs. (22-25) is a hyperbolic system in conserva-
tive form, and that of Eqs. (26-29) is a nonconservative hyper-
bolic system. More precisely, if we introduce some normal vector
n, rewrite these equations in the new frame (n, ¢), and examine one-
dimensional Riemann problems in the r direction, the following
holds:

Proposition2: 1f we define

X(ay) = /az (E/(O‘)/;Oz_ﬁ do
0

o

the one-dimensional Riemann problem associated with Eqs. (22—
25) and initial data (W,, W) has a unique solution with positive
mass fractionsif and only if

(U2 —U2) n < (Xo), + (Xo)i

Furthermore, the maximum principle for the volumetric fraction is
preserved through this step.

The proof'® actually shows that the specific unbounded form of
the function g (a,) in Eq. (7) is compulsory to prevent occurrence of
negativevaluesof (1 — «»). Thisis alsoin agreementwith theoretical
results detailed in Ref. 13. We emphasize that the model introduced
by many authors to compute dilute flows* does not preserve the
maximum principle. Up to now, this important feature has never
been pointed out in the literature. _

Proposition 3:  For some given function f, we set f = (f, +
fr)/2butalso[f]1= fr — fL, where L and R subscriptsreferto the
left-hand side and the right-hand side of a discontinuity traveling at
speed o. We introduce approximate jump conditions® 1012

U[“lﬂl]:[alplUl'"} ola] =0

olarpU" - n] =P (o)), o0 U? - n] = @IPi(o1)]

where o is the speed of the discontinuity. Then, the one-
dimensional Riemann problem associated with the nonconservative
system [Egs. (26-29)], preceding jump conditions, and initial data
(W,, Wg) has a unique solution with positive mass fractions if and
only if

(a1pic1)p + (1161
y+1D

The maximum principle for the volumetric fraction «, is still
preserved.

[(al,olUl)R - (otl,olUl)L] ‘n <2

B. Approximate Riemann Solvers

To compute the system of Egs. (22) and (24), which uncouples
from Egs. (23) and (25), we use a Godunov solver rather than a
Roe-typesolver because this can be easily done and generatesno in-
crease of the computationaleffort. Note that, when the mass fraction
(a1, py) is uniform over all of the computational domain, Eq. (24)
identifies with Burger’s equation. Subset (23) and (25) is a conser-
vative system, which is the straight counterpart of isentropic Euler
equations, though it includes a rather unusual form of the pres-
sure. Hence, a standard Roe’s scheme?! is implemented to compute
Eqgs. (23) and (25), the details of which are not recalled here. Here-
inafter, At is the time step at time #”, T'; is the boundary of the finite
volume €2;. Also W} is the mean value of the conservative variable
W overcelli at time ¢", and n;; is the outward normal unit vector on
interface ij between two cells indexed by i and j. I';; is the contact
surface between cells i and j, and V(i) are neighboring cells of

s

Fig.1 Control volume.

celli. The control volumes that have been used in computations to
be presented is shown in Fig. 1. This requires constructing, first, a
triangulation of the computational domain; afterwards, a dual mesh
centered on P 1 nodes is generated. Thus, the whole may be written
as

vol(2,) (W — W)+ At Y G™™(W!, W n;;)T;; =0 (30a)

Jev@
with
0
{onU? - n}
{(al,olU' ~n)U i
{(a20,U? - n)U? + En}

Roe

G (W), Wy, ny;) = 1’} Godunoy (30b)

Roe

ij

where superscriptRoe refers to standardRoe’s scheme forisentropic
gasdynamics. The remaining part of the flux is defined as follows:

If (a1p1U1~n):.1§O and (a1p1U1~n)n20

J

{(Ol,olUl . n)Ul}iOdunov -0
otherwise
{(ap, U 'n)Ul}l.G,.OdLmOv = (a,p U n)ln it (U'-n)ij >0
{{ap U - m)U' Y7 = (iU - m) i (0" m)ij <0
(30c)
where
1 1
@' -,y = {eapi}” @' mi + {apj} @m0

{ipi}? + {(ip)t}?

Computation of the second step involving Egs. (26-29) is more
difficult because it contains some nonconservative terms. Two dif-
ferent schemes have been derived to cope with this subset. We
only describe the first scheme. This kind of scheme was introduced
previously??~?* to compute turbulentcompressible flows using one-
or two-equation models. It is based on a straightforwardintegration
of the nonconservativeset (26-29) on the two-dimensional control
volume ;; thus,

vol() (W = Wi) + At Y FR(W;, Wi, n;;)T;

jevi
+AtS; (W) =0 (31a)
setting

Si (W) = (07 0@); Y {P(ei)};myTis

Jev)

@) Y {Plen}, r) (31b)

JeV@)

In formula (31b), a centered scheme is used, which means that
{P(pD)}ij = ([P(p]))]; + [P(0})];)/2. The Roe-type numerical flux
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in Eq. (31a) is chosen to be in agreement with approximate jump
conditions detailed in Proposition 3. The numerical flux is defined
as follows:

Fie(W; Wiony) = [F(W, . ny;) + F(W;.n;)] /2
B W) (W~ W) /2 (2
where the continuous flux F(W, n) is defined as
F'(W,n) = (a,pU"-n,0,0,0,0,0) (33)
The matrix B(W;, W;, n;;) satisfies
F(W;, n;;) —F(W;,n;;) + X;; = B(W;, Wi, n;)(W; — W) (34)

where the contribution X;; accounts for the nonconservative terms
presentin Egs. (28) and (29):

0
0
= i+ ;
Xij = LZ(OZI)J([PI (p)j1=[Pi(p)iDni; 35)
(a2); + (@)

> (5! (;01)_,’] — [P (/Ol)i])nij

This formulationobviouslyidentifies with the original Roe’s scheme
when restricted to the framework of systems of conservationlaws.

C. Implementation of Source Terms

Once convective effects have been accounted for, drag forces are
implemented in a very simple way. Given some ** values of the
conservative variable W, compute

(011;01)74rl = (011;01)?*7 (012):-”1 = (012),’-‘* (36)

(OllplUl):-Hl - |:(aliolUl)j*i|

(Olz;OzUz)n+l ("‘ZPZUZ)j*

i

2yn+1 _ 1\n+1
U — (U, } a7

+ AL (o) (@) K LU‘)."“ o

Other ways to deal with source terms have been recently proposed
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V. Numerical Results
A. Shock-Tube Test Case Without Drag Effects
We begin with the computation of the nonconservative convec-
tive system associated with Eqs. (1-4), which means that both
viscous and drag effects are neglected (1 = u, = K =0). Com-
putational results subsequently shown were obtained using the al-
ready mentioned first-order approximate Riemann solver, on a one-
dimensional regular mesh with 1500 nodes. Physical values are
(@3)0=2m*s %, p,=1000 kgm ™, ey =0.64, and e. = 1. The
test case is a shock-tube problem, with the following initial data
(Figs. 2a-2d):

a;pp =0.5

Wa<or=0=| =0
’ apU'=0
a,pU? =0

oo = 0.12
Wasor=0=| =00
’ apU'=0
a,pU? =0

Both the 2-wave and 4-wave are shocks, whereas the 1-field and 3-
field are rarefaction waves. Because of the initial high void fractions
on each side of the initial membrane, as well as the high density of
particles, both the velocity and void fraction of the particle phase
seem to ignore the presence of the rarefaction wave and the shock
wave within the gas phase. On the contrary, profiles of the mean gas
density and mean velocity field are greatly modified by the presence
of particles,compared with what occurs when the void fractionis set
to zero. It must be emphasized that when the turbulentkineticenergy
is much smaller, the 2- and 3-waves can hardly be distinguished.

B. Computation of a Gas-Solid Two-Phase Flow in a Simple Nozzle
Figure 3 is devoted to the computation of the four-equation
model in a nozzle. We now account for drag effects and set y = %,
(@3)0 =2 m? 872, p, =2500kg m~?, e =0.64, and e, = 1. The
particle diameter, which is used to compute the drag coefficient K,
equals 100 wm. The mesh in this case contains around 8500 P1
nodes. A zoom on the mesh in the convergent part of the nozzle

0.65 T T .

0.60 -

0.55 .

0.50 .

0.45 : ' .
0

¢) Void fraction o

2.0 T I T I T

0 I 1 t | 1
0 500 1000 1500

d) Particle velocity U,

Fig.2 Shock tube test case without drag effects.
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Fig.3 Computation of a gas-solid two-phase flow in a simple nozzle.
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is shown in Fig. 3a. The volumetric fraction is 0.01 (respectively,
107%) in the inlet channel (respectively, downstream); inlet gas and
particle velocities are assumed to be equal to 200 m/s. The ratio
of mean gas pressures between inlet and outlet is 1.1427. Viscous
effects have been neglected in this computation. The evolution of
the time stepping is shown in Fig. 3b. Getting the mass residuals
(Fig. 3¢) lower than 107> and 10~ for the gas phase and the particle
phase, respectively, requires around 20,000 time steps, when using
the explicit scheme. The mass residual for phase k is computed at
time nAt as follows:

” (p)" ' = (up)” ”Lz
” (o )" ”Lz

R =

The distributionof particlesin the nozzle greatly influences the mean
gas flow. From top to bottom (Fig. 3d), we can examine the transient
solution, focusingon the volumetric fraction of particles«, and then
on the relative velocity, which is still very large around the steady
state (the maximum valueof |U" || /c, isabout 1). Particlesaggregate
on the near-wall region in the convergentpart of the nozzle and also
on the symmetry axis, just before enlargement. Sudden decrease of
the time step in Fig. 3b is due to the occurrence of a cluster in the
near-wall region of the convergent part of the nozzle. Details on
the implementation of the wall boundary conditions can be found in
the Appendix. These must be obviously accounted for in a physical
way to prevent the occurrence of negative values of the expected
positive mass fractions.

C. Shock-Tube Test Case with Drag Effects

We still neglect viscous effects and account for drag effects. We
set y =1, (g3)o="1 m*s?%, p, =2500 kg m~*, otmex = 0.64, and
e, =1. The particle diameter still is 100 um. The computation is
performed on an unstructured two-dimensional mesh with 10,000

granular pressure is still taken into account but the relative velocity
is set to zero. More precisely, the three-equation model reads

(101, +V-(a1pU) =0, (), +V-(U)=0
[(@ipr +a20)U]; + V- [(@01 + 020)U @ U]
+ V[P (o) + E(az)] — (@101 + a202)g =0

and the scheme used to compute this conservative system is based
on the originalidea of Gallouetand Masella.?® A straightline is used
to plotresults obtained with the three-equationmodel in Fig. 4. The
notation P, which is used in Fig. 4, is

Py = Pi(p1) + E(an)

This quantity should remain constant through the contact discon-
tinuity of the three-equation model, which is perfectly satisfied by
the computation. It should increase in the 1-shock and also in the
3-rarefaction wave of the three-equation model. Also, the ratio of
mass fractions (o, 02 /a1 p1) should not vary in both the 1-wave and
the 3-wave; this is also very well predicted by the scheme. Note
that computational results provided by these two a priori different
models are very similar. The comparison of both calculations even
shows better agreement when the particle diameter goes to zero; this
is because, when drag effects increase, the time required to reach
null relative velocities gets smaller and smaller.

D. Schematic Behavior of the Scheme Near-Wall Boundaries
This test case (Fig. 5) involves four shock waves. This one is
based on the following initial data:

nodes (representing approximately 1000 cells in the x direction). aipp =05
The initial data are exactly the same as in the first testcase. Variables @ =05
S : . 2 =0.
a, and p; are shownin Fig. 4 (circles are used to plotresults obtained .
using the four-equation model). The behavior of the mean density W(x <0.1=0) = apU’ =350
is obviously completely different (see Fig. 2a for comparison). The ’ ap V=0
relative velocity is very small now, compared with the first test case. a0, U? = 6250
We may compare results obtained using the present four-equation )
model and those obtained using a three-equationmode,'? where the @,V =0
1.5 T T T T 1.2e+06 T T T T
pl i Ptm 1
- 1 1.0e+06 —
10 -1 8.0e+05 - -
¥ 1 6.0e+05 - -
05 - -1 4.0e+05 - -
F 1 2.0e+05 -
0.0 L 1 1 L 1 L 0.0e+00 | | L I L | L
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
0.60 T T 6 . : . .
) [ o/oup, 1
0.58 |- Sr ]
L 4l |
0.56 L A
L 3 f— -
0.54 - - i
L 2r 7
052 |- L L |
0.50 . | ! . | . 0 I . | . ; ‘ i .
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0

Fig.4 Shock-tube test case with drag effects.
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0.52 - ]
L 2r N
0.50 |- 4k ]
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Fig.5 Schematic behavior of the scheme near wall boundaries.
a1 =05 Both gas and particlesare atrestat the beginning of the computation.
o, =0.5 Then, a constant and uniform inlet gas flow is imposed under the
ap U = —350 grid, and the mean inlet gas velocity and the mean density of the
Wix >0,t=0) = . gas are
aipV =0
0[2,02U2:—6250 Ul =0
O 0 VZ = O Vl = 08
pr =1

A two-dimensional mesh is used. A rectangular domain is divided
in rectangles first; these are then divided along each diagonal. The
mesh contains 1000 nodes in the x direction. Thus, the numerical
solution cannot be a pure one-dimensional solution (both cross ve-
locity components V! and V? evolve in time), which is confirmed
by the presence of small losses of monotonicity in the vicinity of
shock waves. Physical constants are the same as in the first test case,
except for the particle density p, =2500 kg m~3. This numerical
experiment with symmetrical initial data has two main advantages.
First, it enables the examination of the capability of the scheme to
preserve the maximum principle for the void fraction because the
kinetic energy is converted into pressure within each phase in the
centralregion, which results in an increase of the void fraction. Sec-
ond is that this schematic case enables simulating an impinging jet
on a wall boundary, when one applies for the mirror state technique,
which is shown in the Appendix.

E. Computation of Dense Fluidized Beds

We now examine the case of a rectangularbox (where Ly.q = é m
long and H = 1% m high) containing a bed of particles. The lower
part of the box is a grid that prevents particles from going out but
allows an inlet upwards going gas flow. Left- and right-hand-side
boundaries are rigid walls, and the upper part is open. The initial
conditions for the gas density and the mean volumetric fraction of
particles are, forx, y <0.476,t =0,

pr=1
o, =0.63

and, for x, y > 0.476,t =0,

pr =1
o, = 0.000001

We still set y =1, but the value of the constant [(g;)o=

0.00015m? s~2] is much smaller than in the earliercomputationsbe-
cause of the order of magnitude of the mean particles and gas veloci-
ties. The density of particlesstill is p, = 2500 kg m >, and the max-
imum compactness rate and elasticity coefficient are o, =0.64
and e. = 1. The particle diameter is equal to 500 um. The unstruc-
tured two-dimensional mesh is based on a primal mesh containing
approximately 9400 triangles (Fig. 6a). The mesh is much refined
in the lower part of the computational domain, just above the grid.
The mean height of the bed H (¢) and the mean volumetric fraction
of the particle phase oy, (f), which are plotted in Figs. 6b and 6¢,
are defined as

x=Lbed y=H
H(t)=2 / / ax(x,y,t)ydxdy

x=0 y=0
x=Lbed y=H

/ / o(x, y, 1) dxdy

x=0 y=0

x=Lbed y=H
Qmean () = / / a(x,y,)dxdy H (1) Lyeq

x=0 y=0

The normalized bed heightis H (t)/H (0). The whole computation
lasts 10 s and is highly time dependent. Bubbles are generatedeither
just above the grid or in the bed itself. These may either collapse
or grow up to the bed surface. The mean volumetric fraction inside
bubbles may go down lower than 5% (Fig. 6d). The maximum prin-
ciple for the mean volumetric fraction is not violated during this
transient computation, though very high values occur, because the
maximum value of «;, is close to 0.6391. From time to time, inside
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Fig.6 Computationofdense fluidized beds: a) unstructured mesh used
in the box, b) evolution of the normalized bed height vs time, ¢) evolution
of the mean particle void fraction in the bed vs time, and d) particle void
fraction distribution in the bed.

some bubbles, the flow no longeris hyperbolic. The influence of the
mesh size and of the value of (q22)0 is discussed in Refs. 8 and 13.
Other numerical experiments can be found in Ref. 13.

VI. Conclusion

The presented finite volume time-dependent algorithm enables
the computation of a four-equation compressible two-fluid model
on unstructured meshes. It can be very easily implemented in finite
volume codes, using any kind of unstructured mesh. Numerical ex-
periments on unstructured meshes confirm that the scheme behaves
well. In particular, it must be emphasized that no violation of the
maximum principlewas noted [though we use Roe’s scheme to com-
pute Egs. (23) and (25)], even when the initial data are close to the
maximum value of the volumetric fraction; this, however, requires
specific treatment on the boundary conditions,especiallyin the wall
region. Actually, the theoreticalinvestigationof the one-dimensional
Riemann problems provides useful tools for that purpose. More ac-
curate predictions of the particle phase on coarse meshes require, of
course,second-orderMUSCL-type extensionof the basic first-order
scheme thatis used to predict Eqs. (23) and (25). Implicitdiscretiza-
tion of fast (mean gas pressure) waves present in Egs. (26-29) can
be easily achieved. This algorithmis currently used to predictdense
fluidized beds. It is also used to predict the propagation of strong
gas shock waves entering a dense granularmedium. An extensionof
this scheme enables solving a five-equation two-fluid model, which
in addition contains the governing equationof the granular pressure.

Appendix: Numerical Treatment
of Wall Boundary Conditions
The whole is based on the use of the mirror state technique. To
simplify the presentation, the method is presented in a pure one-
dimensional framework. Hence, we focus on the following system
issuing from Egs. (23) and (25):

(), + (2U?) =0 (Ala)

(@ U?), + (2pUU?)  +[E(@)] =0 (Alb)

We assume that the wall boundary stands on the right side of cell i.
If index i refers to the neighboring cell close to the wall boundary,
where the average value at time ¢" is (a2, 2 p2 U 2),, then the mirror
state equals (o, — & 0,U?);. The numerical wall flux G™™ is then
evaluatedusing these two states and some suitable flux formula. The
resulting formula is

G™™ = (0, &) (A2)

Actually, one has to distinguish three different cases.

1) If (U?); > 0 [which corresponds to a locally impinging flow,
and thus to a symmetrical double shock wave in the solution of the
one-dimensional Riemann problem associated with Egs. (Ala) and
(A1b)], then

E = E[(e2)i] + p(a2)i(Un)i[er(@)s + (Ua)i]  (A3)

where ¢, is introduced in Eq. (15).
2) If (U?); <0, but complies with

/W [E/@)/p]?
o

0

da +(U?; >0

(which correspondsto a decrease of pressure in the wall region and
toa symmetrical doublerarefactionwave when solving the Riemann
problem), then

ol
&3]

(@) (A4)

The value @, is computed by integrating the Riemann invariant in
the 1-wave and, hence, solving

(@i [ : © g :
[EEE oy = [T EQEL )

0 o 0
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HIf

()i ey 3
/ [H (O[)/IOZ] da + (Uz)i <0
o

0

a vacuum occurs in the solution because the condition detailed in
Proposition 2 is violated. In that case, the granular pressure at the
wall is simply zero:

o]

=0 (A6)
In all cases, & corresponds to an approximate value of the wall
granular pressure. In the first case, Roe’s flux has been used to con-
struct E. In the second case, the Godunov scheme was preferred
because Roe’s flux may then lead to some estimated value that
is in complete disagreement with physical requirements inasmuch
as one should have in that case & < E((«2);) This happens (when
applying for Roe’s numerical flux) when the local Mach number
[(U>);i /c2(c2):] becomes smaller than —1 [see expression (A3) for
a quigk check]. Hence, note that & > E((«,);) in the first case and
that E < E((«y);) in the second case, which is in agreement with
the exact solution of the Riemann problem associated with sys-
tem (Ala) and (A1b). Extension to a two-dimensional framework is
straightforward, using invariance of equations under frame rotation
and substituting(U? - n) into U2, where n is the outward normal unit
vector. Similar techniques have been used to compute wall fluxes
involvedin Eqs. (26-29).
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