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Finite Volume Algorithm to Compute Dense
Compressible Gas–Solid Flows

Laure Combe¤ and Jean-Marc Hérard†

Electricité de France, 78400 Chatou, France

A � nite volume scheme is presented that allows the performance of numerical simulations of a four-equation
compressible two-� uid model on unstructured meshes. The convectivepart of the whole set of governingequationsis
a nonconservative conditionally hyperbolic system. To solve the latter, a fractional step method is presented, which
is based on a splitting of convective � uxes. Approximate Roe-type Riemann solvers are used to compute numerical
convective � uxes. Some computationsof shock-tube test cases are presented and compared with numerical results
of a three-equation model, which assumes equal velocities within each phase. A steady computation of a gas–solid
� ow in a simple nozzle is described, and an unsteady computation of a dense � uidized bed is also presented.
Particular emphasis is given to the preservation of the maximum principle for the volumetric fraction.

I. Introduction

T HE recent increase in computational facilities has favored the
developmentof new physicalmodels as well as new numerical

techniquesto predictgas–solid two-phase � ows, using the two-� uid
approach. Clearly the range of industrial applications is wide. It is
well known that accurate computations require developingsuitable
algorithms.Some approximateRiemann solvers have been recently
proposedto copewith two-� uidcomputationsof compressible� ows
within the frame of dilute regimes.1– 5 Among the proposed solvers
some try to inherit the stability of Roe’s approximate Riemann
solver, using a so-called weak formulation of the latter scheme.
Others are based on Godunov’s scheme for gasdynamics. In the
present contribution, a way to extend these methods to the frame
of dense situations, where both the volumetric fraction of the solid
phase and the relative velocities may become great, is proposed.

In many industrial situations, the motion of a compressible gas–

solid mixture in thermal equilibrium may be described by a four-
equation model2;6 ;7 including mass conservation of both phases
and momentum equations for both the gas and the solid phase (see
Refs. 8 and 9 for a two-� uid approach with help of a six-equation
model). Despite its apparent simplicity, this continuous model in-
trinsically contains many dif� culties. First, the convective subset
has no conservative form; second, the latter convective subset is
not an unconditionalhyperbolic system; eventually, many different
timescales are involved in this system. The algorithm to be detailed
aims at overcoming the mentioned troubles.

The set of partial differential equations is presented in the next
section. In Sec. III, an entropycharacterizationis exhibited,and hy-
perbolicity criteria associated with the nonconservativeconvective
subset are given. The entropy inequality is useful to check the suit-
ability of computationalresults.As with most currentlyknown two-
� uid models, the overall solution of the one-dimensional Riemann
problem associated with the whole convective system cannot be
solved for arbitrary initial data. Consequently, no exact or even
approximate Riemann solver may be exhibited to solve the latter
system. The � nite volume algorithm, which is presented in the fol-
lowing section, takes advantage of the fractional step method to
preserve the maximum principle for the volumetric fraction. Both
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the solutionof one-dimensionalRiemann problems involvedwithin
each step and associatedapproximateRiemann solvers are detailed.
The analysis of a nonconservative Riemann problem requires ap-
plicationof recent theoretical results.2 ;10 – 12 Some numerical results
obtained on unstructuredmeshes are presented that con� rm the ro-
bustness of the whole algorithm. Emphasis is given to test cases
involvingvery high values of the volumetric fraction, which occur,
e.g., when dense � uidizedbeds are computed, or when one attempts
to simulate impinging jets highly loaded with particles.

II. Equations Set
Subscripts for the gas phase and the particle phase are 1 and 2,

respectively.The volumetric fraction of solid particles is ®2 , and its
counterpartfor the gas phase is ®1 D 1 ¡ ®2 , where ®2 is assumed to
lie in [0, 1]. The positive density of the gas is ½1 , and the constant
density of particles is ½2; only heavy particles are consideredherein
and, thus, addedmass effectsare neglected.U i is the velocitywithin
phase i , and I1 is the interfacial momentum transfer term, which
accounts for drag effects only. The governing equations are

.®1½1/;t C r ¢ ®1½1U1 D 0 (1)

.®2/;t C r ¢ ®2U2 D 0 (2)

®1½1U1
;t

C r ¢ ®1½1U1 ­U1

D ¡®1r P1.½1/ C ®1½1g C I1 ¡ r ¢ ®1

visc

1

(3)

®2½2U2
;t

C r ¢ ®2½2U2 ­U 2

D ¡®2r P1.½1/ C ®2½2g ¡ r4.®2/ ¡ I1 ¡ r ¢ ®2

visc

2

(4)

where P1.½1/ is the mean pressure within the gas phase

P1.½1/ D ·½
°

1 .5/

and 4.®2/ is the intergranular pressure

4.®2/ D 2
3 ½2 q2

2 0
®

5
3

2 g.®2/ .6/

and where g is a monotone increasing function of the volumetric
fraction

g.®2/ D 1 C 2.1 C ec/®2

1 ¡ ®2=®max
5
2 ®max

£ exp
4®max.1 C ec/

[.15=2/®max ¡ 3]
1 ¡ ®2

®max

1 ¡ 5
2 ®max

(7)
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In Eq. (7), ®max is the maximum compactness rate and ec the elas-
ticity coef� cient. In practice, we will set ®max D 0:64 and ec D 1.
The equation of state (7) results from integrationof the particle en-
ergy governing equation, assuming a vacuum of gas and focusing
on regular solutions (see Appendix 1 in Ref. 13, which is based
on recent contributions6¡8;14 ). As pointed out by the authors of
Refs. 13 and 15 and brie� y recalled subsequently, the asymptotic
behavior in the vicinity of ®max is crucial to ensure that the max-
imum principle for the volumetric fraction is preserved. Viscous
contributions take the following form:

visc

1

D ¡¹1 r.U 1/ C r t .U 1/ ¡
2

3
r ¢ .U 1/I (8a)

visc

2

D ¡¹2 r.U 2/ C r t .U 2/ ¡
2

3
r ¢ .U 2/I (8b)

Drag effects are accounted for through

I1 D K ®1®2½1.U2 ¡ U1/ .9/

The positive drag coef� cient K is in agreement with forms detailed
in Refs. 7 and 8 and, thus, is not recalled herein; this means that
for dilute regimes, the single-sphere drag formula is used and that
Ergun’s relation is considered for dense regions.

III. Some Basic Results
When viscous effects are neglected,discontinuoussolutionsmay

develop; an entropy inequality is, thus, essential to select physical
solutions. For that purpose, we introduce the conservativevariable

W t D ®1½1; ®2; ®1½1U
1
x ; ®1½1U

1
y ; ®2½2U

2
x ; ®2½2U

2
y .10/

and a scalar function

´.W / D 1

2
i D 1;2

®i ½i U
i U i C ®2 H2.®2/ C ®1½1 H1.½1/ .11/

with

®2
2 H 0

2.®2/ D 4.®2/ (12a)

½2
1 H 0

1.½1/ D P1.½1/ (12b)

and the following � ux:

f nv
´ .W / D 1

2 i D 1;2

®i ½i kU i k2U i C P1.½1/
i D 1;2

®i U
i

C f®2 H2.®2/ C 4.®2/gU 2 C ®1½1 H1.½1/U 1 (13)

Using thesede� nitionsand focusingon adequatelyregularsolutions
of Eqs. (1–4), we get a result that is close to the one given in previous
work.16

Proposition 1: We assume that W represents a regular solution
of the set (1–4). Then, there exists a � ux f v

´ .W; rW / such that

[´.W /];t C r ¢ f nv
´ .W / C r ¢ f v

´ .W; rW / D Sn.W; rW /

with S´.W; rW / · 0. The source term is

S´.W; rW / D .U1 ¡ U2/ ¢ I1 C ®1
visc

1
PP

.rU 1 C r t U 1/

2

C ®2
visc

2
PP

.rU 2 C r t U 2/

2

Hereinafter, [Á] is the jump of Á through some discontinuitytravel-
ing at speed ¾ , whatever Á stands for. Thus, in the pure nonviscous
limit case, the latter provides

¡¾ [´.W /] C f nv
´ .W / · 0 .14/

The latterentropyinequalitycannotbe rewrittenin asimpleway,as it
can within the framework of gasdynamics,for instance.17 However,

it actually enables the control of the suitability of the computed
solutionsas outlined in some cases described in Ref. 15 that involve
four shock waves or in the computational examples to be detailed
subsequently.

Another point, which is well known now, is that the convective
system involved in system (1–4), which has no conservative form,
represents a conditionally hyperbolic system. Hence, two distinct
celerities are de� ned to examine the hyperbolicitydomain:

c2
2 D .½2/¡1 d4.®2/

d®2

(15)

c2
1 D dP1.½1/

d½1

(16)

We introduce the relativevelocityU r D U 2 ¡ U 1 , and thus, we may
rewrite the convective system as

W;t C Ax W;x C Ay W;y D 0 .17/

Straightforward analytic expressions of the eigenvalues of the ma-
trix (nx Ax C n y A y ) cannot be derived. This obviously implies that
the Riemann problemcannotbe investigatedwhen consideringarbi-
trary initial data.Expansions(of eigenvalues) in terms of the relative
velocity U r (or the volumetric fraction ®2 ) may be performed, as
pointed out previouslyby other authors1 ;3 ;5; thus, for small enough
values of the parameter kU r k=c1 (or ®2), approximate Riemann
solvers may be constructed to compute � ows in which the normal-
ized relative velocity (or ®2 ) remains uniformly bounded. These
assumptionsare not consideredherein. Thus, the suitabilityof com-
putational results will be checked using suf� cient conditions to en-
sure hyperbolicity:

1 > 2kU r k=c1 (18)

1 > 4 c2
2 c2

1 C ®2½1=®1½2 (19)

1 ¡ kU r k2 c2
1 ®1½2c

2
2 ®2½1c

2
1 C 1 > 1 (20)

Conditions (18–20) are not realizability conditions, as occurs, for
example,when investigatingsingle-phaseturbulent� ows.18 We also
emphasize that adequately regular (at least C 1) solutions of the set
(1–4) only ful� ll

0 · ®2 (21a)

0 · ®1½1 (21b)

IV. Finite Volume Algorithm to Compute
the Four-Equation Model

The following � nite volume scheme allows computing time-
dependent� ows on unstructuredmeshes.The primal mesh is gener-
ated using a regular triangulationof the computationaldomain. The
cell-vertex � nite volume mesh is then based on P1 nodes. Viscous
terms on the right-hand sides of Eqs. (3) and (4) are accounted for
using a standard P1 � nite element Galerkin formulation.

A. Fractional Step Technique
We � rst detail the implementation of convective terms. Because

we cannot obtain an approximate Riemann solver to get a sta-
ble scheme in a straightforward manner (using Roe’s linearized
Riemann solver, for instance), we apply a fractional step technique
to compute the convective subset. This approach has been exten-
sively investigated before within the Euler framework,19 ;20 using
Roe’s Riemann solver to compute each step, and has proven to give
a similar rate of convergencewhen computingbasic Riemann prob-
lems including shock waves and rarefaction waves. Hence, we � rst
solve

.®1½1/;t D 0 (22)

.®2/;t C r ¢ ®2U2 D 0 (23)

®1½1U
1

;t
C r ¢ ®1½1U

1 ­U 1 D 0 (24)
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®2½2U2
;t

C r ¢ ®2½2U2 ­U2 C r4.®2/ D 0 (25)

and then solve

.®1½1/;t C r ¢ ®1½1U1 D 0 (26)

.®2/;t D 0 (27)

®1½1U1
;t

C ®1r P1.½1/ D 0 (28)

®2½2U2
;t

C ®2r P1.½1/ D 0 (29)

The system of Eqs. (22–25) is a hyperbolic system in conserva-
tive form, and that of Eqs. (26–29) is a nonconservative hyper-
bolic system. More precisely, if we introduce some normal vector
n, rewrite these equations in the new frame (n; ¶), and examine one-
dimensional Riemann problems in the n direction, the following
holds:

Proposition 2: If we de� ne

X.®2/ D
®2

0

.40.®/=½2/
1
2

®
d®

the one-dimensional Riemann problem associated with Eqs. (22–

25) and initial data .WL ; WR/ has a unique solution with positive
mass fractions if and only if

U2
R ¡ U2

L ¢ n < .X2/L C .X2/R

Furthermore, the maximum principle for the volumetric fraction is
preserved through this step.

The proof15 actually shows that the speci� c unbounded form of
the function g.®2/ in Eq. (7) is compulsory to prevent occurrenceof
negativevaluesof .1 ¡ ®2/. This is also in agreementwith theoretical
results detailed in Ref. 13. We emphasize that the model introduced
by many authors to compute dilute � ows4 does not preserve the
maximum principle. Up to now, this important feature has never
been pointed out in the literature.

Proposition 3: For some given function f , we set Nf D . fL C
fR /=2 but also [ f ] D fR ¡ fL , where L and R subscripts refer to the
left-hand side and the right-hand side of a discontinuity traveling at
speed ¾ . We introduce approximate jump conditions2;10 – 12

¾ [®1½1] D ®1½1U1 ¢ n ; ¾ [®2] D 0

¾ ®1½1U1 ¢ n D ®1[P1.½1/]; ¾ ®2½2U2 ¢ n D ®2[P1.½1/]

where ¾ is the speed of the discontinuity. Then, the one-
dimensionalRiemann problem associatedwith the nonconservative
system [Eqs. (26–29)], preceding jump conditions, and initial data
(WL ; WR ) has a unique solution with positive mass fractions if and
only if

®1½1U1
R

¡ ®1½1U1
L

¢ n < 2
.®1½1c1/L C .®1½1c1/R

.° C 1/

The maximum principle for the volumetric fraction ®2 is still
preserved.

B. Approximate Riemann Solvers
To compute the system of Eqs. (22) and (24), which uncouples

from Eqs. (23) and (25), we use a Godunov solver rather than a
Roe-typesolver because this can be easily done and generatesno in-
creaseof the computationaleffort.Note that, when the mass fraction
(®1; ½1/ is uniform over all of the computational domain, Eq. (24)
identi� es with Burger’s equation. Subset (23) and (25) is a conser-
vative system, which is the straight counterpart of isentropic Euler
equations, though it includes a rather unusual form of the pres-
sure. Hence, a standard Roe’s scheme21 is implemented to compute
Eqs. (23) and (25), the details of which are not recalled here. Here-
inafter, 1t is the time step at time tn , 0i is the boundaryof the � nite
volume Äi . Also Wn

i is the mean value of the conservativevariable
W over cell i at time tn , and ni j is the outward normal unit vector on
interface i j between two cells indexed by i and j . 0i j is the contact
surface between cells i and j , and V .i/ are neighboring cells of

Fig. 1 Control volume.

cell i . The control volumes that have been used in computations to
be presented is shown in Fig. 1. This requires constructing, � rst, a
triangulationof the computationaldomain; afterwards, a dual mesh
centered on P1 nodes is generated.Thus, the whole may be written
as

vol.Äi / W¤
i ¡ Wn

i C 1t
j 2 V .i /

Gnum Wn
i ; Wn

j ; ni j 0i j D 0 .30a/

with

Gnum Wn
i ; Wn

j ; n i j D

0

®2U2 ¢ n
Roe

i j

®1½1U1 ¢ n U1 Godunov

i j

®2½2U2 ¢ n U2 C 4n
Roe

i j

.30b/

where superscriptRoe refers to standardRoe’s scheme for isentropic
gasdynamics. The remaining part of the � ux is de� ned as follows:

If ®1½1U1 ¢ n
n

i
· 0 and ®1½1U1 ¢ n

n

j
¸ 0

®½1U1 ¢ n U1 Godunov

i j
D 0

otherwise

®½1U1 ¢ n U1 Godunov

i j
D ®1½1U1 ¢ n

n

i
if OU1 ¢ n i j ¸ 0

®½1U1 ¢ n U1 Godunov

i j
D ®1½1U1 ¢ n

n

j
if OU1 ¢ n i j · 0

(30c)

where

. OU1 ¢ n/i j D
.®1½1/n

i

1
2 .U1 ¢ n/n

i C .®1½1/
n
j

1
2 .U1 ¢ n/n

j

.®1½1/
n
i

1
2 C .®1½1/

n
j

1
2

.30d/

Computation of the second step involving Eqs. (26–29) is more
dif� cult because it contains some nonconservative terms. Two dif-
ferent schemes have been derived to cope with this subset. We
only describe the � rst scheme. This kind of scheme was introduced
previously22 – 24 to compute turbulentcompressible� ows using one-
or two-equationmodels. It is based on a straightforwardintegration
of the nonconservativeset (26–29) on the two-dimensional control
volume Äi ; thus,

vol.Äi / W¤¤
i ¡ W¤

i C 1t
j 2 V .i/

FRoe W¤
i ; W¤

j ; ni j 0i j

C 1tSi .W
¤/ D 0 (31a)

setting

St
i .W

¤/ D 0; 0.®1/
¤
i

j 2 V .i/

P ½¤
1 i j

ni j 0i j ;

.®2/
¤
i

j 2 V .i/

P ½¤
1 i j

ni j 0i j ; (31b)

In formula (31b), a centered scheme is used, which means that
fP.½¤

1 /gi j D .[P.½¤
1 /]i C [P.½¤

1 /] j /=2. The Roe-type numerical � ux
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in Eq. (31a) is chosen to be in agreement with approximate jump
conditions detailed in Proposition 3. The numerical � ux is de� ned
as follows:

FRoe
i j W¤

i ; W¤
j ; ni j D F W¤

i ; ni j C F W¤
j ; ni j 2

¡ B W¤
i ; W¤

j ; ni j W¤
j ¡ W¤

i 2 (32)

where the continuous � ux F.W; n) is de� ned as

Ft .W; n/ D ®1½1U1 ¢ n; 0; 0; 0; 0; 0 .33/

The matrix B.Wi ; W j ; ni j ) satis� es

F.W j ; ni j / ¡ F.Wi ; ni j / C Xi j D B.W j ; Wi ; ni j /.W j ¡ Wi / .34/

where the contribution Xi j accounts for the nonconservative terms
present in Eqs. (28) and (29):

Xi j D

0

0
.®1/i C .®1/ j

2
.[P1.½1/ j ] ¡ [P1.½1/i ]/ni j

.®2/i C .®2/ j

2
.[P1.½1/ j ] ¡ [P1.½1/i ]/ni j

.35/

This formulationobviouslyidenti� es with theoriginalRoe’s scheme
when restricted to the framework of systems of conservation laws.

C. Implementation of Source Terms
Once convectiveeffects have been accounted for, drag forces are

implemented in a very simple way. Given some ¤¤ values of the
conservativevariable W, compute

.®1½1/n C 1
i D .®1½1/¤¤

i ; .®2/
n C 1
i D .®2/¤¤

i (36)

®1½1U 1 n C 1

i

®2½2U 2 n C 1

i

D
®1½1U 1 ¤¤

i

®2½2U 2 ¤¤
i

C 1t .®1½1/n C 1
i .®2/

n C 1
i .K /¤¤

i

.U 2/n C 1
i ¡ .U 1/n C 1

i

.U 1/n C 1
i ¡ .U 2/n C 1

i

(37)

Other ways to dealwith source terms havebeen recentlyproposed.25

a) Gas density ½1

b) Gas velocity U1

c) Void fraction ®2

d) Particle velocity U2

Fig. 2 Shock tube test case without drag effects.

V. Numerical Results
A. Shock-Tube Test Case Without Drag Effects

We begin with the computation of the nonconservative convec-
tive system associated with Eqs. (1–4), which means that both
viscous and drag effects are neglected (¹1 D ¹2 D K D 0). Com-
putational results subsequently shown were obtained using the al-
ready mentioned � rst-order approximateRiemann solver, on a one-
dimensional regular mesh with 1500 nodes. Physical values are
.q2

2 /0 D 15
2 m2 s¡2, ½2 D 1000 kg m¡3, ®max D 0:64, and ec D 1. The

test case is a shock-tube problem, with the following initial data
(Figs. 2a–2d):

W .x < 0; t D 0/ D

®1½1 D 0:5

®2 D 0:5

®1½1U 1 D 0

®2½2U 2 D 0

W .x > 0; t D 0/ D

®1½1 D 0:12

®2 D 0:6

®1½1U 1 D 0

®2½2U 2 D 0

Both the 2-wave and 4-wave are shocks, whereas the 1-� eld and 3-
� eld are rarefactionwaves. Becauseof the initial high void fractions
on each side of the initial membrane, as well as the high density of
particles, both the velocity and void fraction of the particle phase
seem to ignore the presence of the rarefaction wave and the shock
wave within the gas phase. On the contrary,pro� les of the mean gas
density and mean velocity� eld are greatly modi� ed by the presence
of particles,comparedwith what occurswhen the void fractionis set
to zero. It must be emphasizedthat when the turbulentkineticenergy
is much smaller, the 2- and 3-waves can hardly be distinguished.

B. Computation of a Gas–Solid Two-Phase Flow in a Simple Nozzle
Figure 3 is devoted to the computation of the four-equation

model in a nozzle. We now account for drag effects and set ° D 7
5 ,

.q2
2 /0 D 15

2 m2 s¡2 , ½2 D 2500 kg m¡3, ®max D 0:64, and ec D 1. The
particle diameter, which is used to compute the drag coef� cient K ,
equals 100 ¹m. The mesh in this case contains around 8500 P1
nodes. A zoom on the mesh in the convergent part of the nozzle
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a) Unstructured mesh for the convergent part of the nozzle

b) Evolution of the time step vs time
iterations

c) Evolution of the mass residuals for
both the gas and solid phases

d) Transient solution

Fig. 3 Computation of a gas–solid two-phase � ow in a simple nozzle.
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is shown in Fig. 3a. The volumetric fraction is 0.01 (respectively,
10¡6 ) in the inlet channel (respectively, downstream); inlet gas and
particle velocities are assumed to be equal to 200 m/s. The ratio
of mean gas pressures between inlet and outlet is 1.1427. Viscous
effects have been neglected in this computation. The evolution of
the time stepping is shown in Fig. 3b. Getting the mass residuals
(Fig. 3c) lower than 10¡5 and 10¡4 for the gas phase and the particle
phase, respectively, requires around 20,000 time steps, when using
the explicit scheme. The mass residual for phase k is computed at
time n1t as follows:

Rn
k D

.®k ½k /n C 1 ¡ .®k ½k /n
L2

.®k ½k /n
L2

The distributionof particlesin thenozzlegreatly in� uencesthemean
gas � ow. From top to bottom(Fig. 3d), we can examine the transient
solution,focusingon the volumetricfractionof particles®2 and then
on the relative velocity, which is still very large around the steady
state (themaximumvalueofkU r k=c1 is about1). Particlesaggregate
on the near-wall region in the convergentpart of the nozzle and also
on the symmetry axis, just before enlargement.Sudden decrease of
the time step in Fig. 3b is due to the occurrence of a cluster in the
near-wall region of the convergent part of the nozzle. Details on
the implementationof the wall boundaryconditionscan be found in
the Appendix. These must be obviously accounted for in a physical
way to prevent the occurrence of negative values of the expected
positive mass fractions.

C. Shock-Tube Test Case with Drag Effects
We still neglect viscous effects and account for drag effects. We

set ° D 7
5 , .q2

2 /0 D 15
2 m2 s¡2, ½2 D 2500 kg m¡3 , ®max D 0:64, and

ec D 1. The particle diameter still is 100 ¹m. The computation is
performed on an unstructured two-dimensional mesh with 10,000
nodes (representing approximately 1000 cells in the x direction).
The initial data are exactly the same as in the � rst test case.Variables
®2 and ½1 are shown in Fig. 4 (circlesareused to plot resultsobtained
using the four-equation model). The behavior of the mean density
is obviously completely different (see Fig. 2a for comparison). The
relativevelocity is very small now, comparedwith the � rst test case.

We may compare resultsobtainedusing the present four-equation
model and those obtained using a three-equationmode,13 where the

Fig. 4 Shock-tube test case with drag effects.

granular pressure is still taken into account but the relative velocity
is set to zero. More precisely, the three-equationmodel reads

.®1½1/;t C r ¢ .®1½1U / D 0; .®2/;t C r ¢ .®2U / D 0

[.®1½1 C ®2½2/U ];t C r ¢ [.®1½1 C ®2½2/U ­U ]

C r[P1.½1/ C 4.®2/] ¡ .®1½1 C ®2½2/g D 0

and the scheme used to compute this conservative system is based
on the original idea of Gallouetand Masella.26 A straight line is used
to plot results obtainedwith the three-equationmodel in Fig. 4. The
notation Ptot, which is used in Fig. 4, is

Ptot D P1.½1/ C 4.®2/

This quantity should remain constant through the contact discon-
tinuity of the three-equation model, which is perfectly satis� ed by
the computation. It should increase in the 1-shock and also in the
3-rarefaction wave of the three-equation model. Also, the ratio of
mass fractions (®2½2=®1½1) should not vary in both the 1-wave and
the 3-wave; this is also very well predicted by the scheme. Note
that computational results provided by these two a priori different
models are very similar. The comparison of both calculations even
shows better agreementwhen the particlediametergoes to zero; this
is because, when drag effects increase, the time required to reach
null relative velocities gets smaller and smaller.

D. Schematic Behavior of the Scheme Near-Wall Boundaries
This test case (Fig. 5) involves four shock waves. This one is

based on the following initial data:

W .x < 0; t D 0/ D

®1½1 D 0:5

®2 D 0:5

®1½1U 1 D 350

®1½1V 1 D 0

®2½2U 2 D 6250

®2½2V 2 D 0



COMBE AND HÉRARD 343

Fig. 5 Schematic behavior of the scheme near wall boundaries.

W .x > 0; t D 0/ D

®1½1 D 0:5

®2 D 0:5

®1½1U 1 D ¡350

®1½1V 1 D 0

®2½2U 2 D ¡6250

®2½2V 2 D 0

A two-dimensional mesh is used. A rectangular domain is divided
in rectangles � rst; these are then divided along each diagonal. The
mesh contains 1000 nodes in the x direction. Thus, the numerical
solution cannot be a pure one-dimensional solution (both cross ve-
locity components V 1 and V 2 evolve in time), which is con� rmed
by the presence of small losses of monotonicity in the vicinity of
shock waves. Physical constantsare the same as in the � rst test case,
except for the particle density ½2 D 2500 kg m¡3. This numerical
experiment with symmetrical initial data has two main advantages.
First, it enables the examination of the capability of the scheme to
preserve the maximum principle for the void fraction because the
kinetic energy is converted into pressure within each phase in the
central region, which results in an increaseof the void fraction.Sec-
ond is that this schematic case enables simulating an impinging jet
on a wall boundary,when one applies for the mirror state technique,
which is shown in the Appendix.

E. Computation of Dense Fluidized Beds
We now examine the case of a rectangularbox (where Lbed D 1

2 m
long and H D 1 1

2 m high) containing a bed of particles. The lower
part of the box is a grid that prevents particles from going out but
allows an inlet upwards going gas � ow. Left- and right-hand-side
boundaries are rigid walls, and the upper part is open. The initial
conditions for the gas density and the mean volumetric fraction of
particles are, for x; y < 0:476; t D 0,

½1 D 1

®2 D 0:63

and, for x; y > 0:476; t D 0,

½1 D 1

®2 D 0:000001

Both gas and particlesare at rest at the beginningof the computation.
Then, a constant and uniform inlet gas � ow is imposed under the
grid, and the mean inlet gas velocity and the mean density of the
gas are

U1 D 0

V1 D 0:8

½1 D 1

We still set ° D 7
5 , but the value of the constant [.q2

2 /0 D
0:00015m2 s¡2] is much smaller than in the earliercomputationsbe-
causeof the orderof magnitudeof the mean particlesand gas veloci-
ties. The density of particles still is ½2 D 2500 kg m¡3, and the max-
imum compactness rate and elasticity coef� cient are ®max D 0:64
and ec D 1. The particle diameter is equal to 500 ¹m. The unstruc-
tured two-dimensional mesh is based on a primal mesh containing
approximately 9400 triangles (Fig. 6a). The mesh is much re� ned
in the lower part of the computational domain, just above the grid.
The mean height of the bed H .t/ and the mean volumetric fraction
of the particle phase ®mean.t/, which are plotted in Figs. 6b and 6c,
are de� ned as

H .t/ D 2
x D L bed

x D 0

y D H

y D 0
®2.x; y; t/y dx dy

x D L bed

x D 0

y D H

y D 0

®2.x; y; t/ dx dy

®mean.t/ D
x D L bed

x D 0

y D H

y D 0
®2.x; y; t/ dx dy H .t/Lbed

The normalized bed height is H .t/=H .0/. The whole computation
lasts 10 s and is highly time dependent.Bubbles are generatedeither
just above the grid or in the bed itself. These may either collapse
or grow up to the bed surface. The mean volumetric fraction inside
bubblesmay go down lower than 5% (Fig. 6d). The maximum prin-
ciple for the mean volumetric fraction is not violated during this
transient computation, though very high values occur, because the
maximum value of ®2 is close to 0.6391. From time to time, inside
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a)

b) c)

d)

Fig. 6 Computationofdense � uidized beds: a) unstructured mesh used
in the box,b) evolutionof the normalizedbed height vs time, c)evolution
of the mean particle void fraction in the bed vs time, and d) particle void
fraction distribution in the bed.

some bubbles, the � ow no longer is hyperbolic.The in� uence of the
mesh size and of the value of .q2

2 /0 is discussed in Refs. 8 and 13.
Other numerical experiments can be found in Ref. 13.

VI. Conclusion
The presented � nite volume time-dependent algorithm enables

the computation of a four-equation compressible two-� uid model
on unstructuredmeshes. It can be very easily implemented in � nite
volume codes, using any kind of unstructuredmesh. Numerical ex-
periments on unstructuredmeshes con� rm that the scheme behaves
well. In particular, it must be emphasized that no violation of the
maximumprinciplewas noted [thoughwe use Roe’s scheme to com-
pute Eqs. (23) and (25)], even when the initial data are close to the
maximum value of the volumetric fraction; this, however, requires
speci� c treatment on the boundaryconditions,especially in the wall
region.Actually,the theoreticalinvestigationof theone-dimensional
Riemann problems provides useful tools for that purpose. More ac-
curate predictionsof the particle phase on coarse meshes require, of
course,second-orderMUSCL-type extensionof the basic � rst-order
scheme that is used to predictEqs. (23) and (25). Implicit discretiza-
tion of fast (mean gas pressure) waves present in Eqs. (26–29) can
be easily achieved.This algorithm is currently used to predictdense
� uidized beds. It is also used to predict the propagation of strong
gas shock waves enteringa dense granularmedium. An extensionof
this scheme enables solving a � ve-equation two-� uid model, which
in additioncontainsthe governingequationof the granularpressure.

Appendix: Numerical Treatment
of Wall Boundary Conditions

The whole is based on the use of the mirror state technique. To
simplify the presentation, the method is presented in a pure one-
dimensional framework. Hence, we focus on the following system
issuing from Eqs. (23) and (25):

.®2/;t C ®2U
2

;x
D 0 (A1a)

®2½2U
2

;t
C ®2½2U

2U 2
;x

C [4.®2/];x D 0 (A1b)

We assume that the wall boundary stands on the right side of cell i .
If index i refers to the neighboring cell close to the wall boundary,
where the average value at time tn is (®2; ®2½2U 2/i , then the mirror
state equals (®2; ¡ ®2½2U 2/i . The numerical wall � ux Gnum is then
evaluatedusing these two states and some suitable � ux formula.The
resulting formula is

Gnum D .0; O4/ .A2/

Actually, one has to distinguish three different cases.
1) If .U 2/i > 0 [which corresponds to a locally impinging � ow,

and thus to a symmetrical double shock wave in the solution of the
one-dimensionalRiemann problem associatedwith Eqs. (A1a) and
(A1b)], then

O4 D 4[.®2/i ] C ½2.®2/i .U2/i [c2.®2/i C .U2/i ] .A3/

where c2 is introduced in Eq. (15).
2) If .U 2/i < 0, but complies with

.®2/i

0

[40.®/=½2]
1
2

®
d® C .U 2/i > 0

(which corresponds to a decrease of pressure in the wall region and
to a symmetricaldoublerarefactionwave when solvingthe Riemann
problem), then

O4 D 4. O®2/ .A4/

The value O®2 is computed by integrating the Riemann invariant in
the 1-wave and, hence, solving

.®2/i

0

[40.®/=½2]
1
2

®
d® C .U 2/i D

O®2

0

[40.®/=½2]
1
2

®
d® .A5/
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3) If

.®2/i

0

[40.®/=½2]
1
2

®
d® C .U 2/i < 0

a vacuum occurs in the solution because the condition detailed in
Proposition 2 is violated. In that case, the granular pressure at the
wall is simply zero:

O4 D 0 .A6/

In all cases, O4 corresponds to an approximate value of the wall
granular pressure. In the � rst case, Roe’s � ux has been used to con-
struct O4. In the second case, the Godunov scheme was preferred
because Roe’s � ux may then lead to some estimated value that
is in complete disagreement with physical requirements inasmuch
as one should have in that case O4 < 4..®2/i / This happens (when
applying for Roe’s numerical � ux) when the local Mach number
[.U2/i =c2.®2/i ] becomes smaller than ¡1 [see expression (A3) for
a quick check]. Hence, note that O4 > 4..®2/i / in the � rst case and
that O4 < 4..®2/i / in the second case, which is in agreement with
the exact solution of the Riemann problem associated with sys-
tem (A1a) and (A1b). Extension to a two-dimensionalframework is
straightforward,using invarianceof equations under frame rotation
and substituting(U2 ¢ n) into U 2, where n is the outward normal unit
vector. Similar techniques have been used to compute wall � uxes
involved in Eqs. (26–29).
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ules dans un écoulement de gaz,” Thèse d’Habilitation, Univ. of Paris VI,
Paris, France, 1995.

3Sainsaulieu, L., “Finite-Volume Approximation of Two Phase-Fluid
Flows Based on an Approximate Roe-Type Riemann Solver,” Journal of
Computational Physics, Vol. 121, No. 1, 1995, pp. 1–28.

4Saurel, R., Forestier, A., Veyret, D., and Loraud, J. C., “A Finite-Volume
Scheme for Two-Phase Compressible Flows,” InternationalJournal for Nu-
merical Methods in Fluids, Vol. 18, No. 9, 1994, pp. 803–819.

5Toumi, I., and Kumbaro, A., “An Approximate Linearized Riemann
Solver for Two-Fluid Model,” Journal of Computational Physics, Vol. 124,
No. 2, 1996, pp. 286–300.

6Lun, C. K. K., and Savage, S. B., “The Effect of an Impact Dependent
Coef� cient of Restitution on Stresses Developped by Sheared Granular Ma-
terials,” Acta Mechanica, Vol. 63, 1986, pp. 15–44.

7Gidaspow, D., MultiphaseFlow andFluidization, Academic, New York,
1993.

8Balzer, G., and Simonin, O., “Extension of Eulerian Gas–Solid Flow
Modelling to Dense Fluidized Bed Prediction,” Proceedings of 5th Inter-
national Symposium on Re� ned Flow Modelling and Turbulence Measure-
ments, Presse Nationale de l’Ecole des Ponts et Chaussées, Paris, France,
1993, pp. 417–424.

9Simonin,O., “Second Moment Prediction of Disperse Phase Turbulence
in Particle Laden Flows,” Proceedings of the 8th Symposium on Turbulent
Shear Flows (Munich, Germany), 1991.

10Colombeau, J. F., Multiplicaton of Distributions, Springer–Verlag,
Berlin, 1992.

11Dal Maso, G., Le Floch, P. G., and Murat, F., “De� nition and Weak
Stability of Non Conservative Products,” Journal de Mathématiques Pures
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Model,” Eléctricité de France, Rept. HE-41/95/009/A, Direction Etudes et
Recherches, Lab. National d’Hydraulique, Chatou, France, May 1995 (in
French).

24Hérard, J. M., Suitable Algorithms to Preserve the Realisability of
Reynolds Stress Closures, Fluids Engineering Div. Vol. 215, American So-
ciety of Mechanical Engineers, New York, 1995, pp. 73–80.

25Burman, E., and Sainsaulieu, L., “Numerical Analysis of Two Opera-
tor Splitting Methods for an Hyperbolic System of Conservation Laws with
Stiff Relaxation Terms,” Computer Methods in Applied Mechanics and En-
gineering, Vol. 128, No. 3–4, 1995, pp. 291–314.

26Gallouet, T., and Masella, J. M., “A Rough GodunovScheme,” Comptes
Rendus Académie des Sciences Paris, Vol. 1-323, 1996, pp. 77–84.

J. Kallinderis
Associate Editor


